Let a be a proper ideal of a commutative Noetherian ring R with identity. Using the notion of a-relative system of parameters, we introduce a relative variant of the notion of generalized Cohen-Macaulay modules. In particular, we examine relative analogues of quasi-Buchsbaum, Buchsbaum and surjective Buchsbaum modules. We reveal several interactions between these types of modules that extend some of the existing results in the classical theory to the relative one.
of the integers n ∈ N 0 for which there exist x 1 , . . . , x n ∈ R such that Rad x 1 , . . . , x n + Ann R M = Rad (a + Ann R M ) .)
The notion of relative system of parameters enhanced the theory of relative Cohen-Macaulay modules.
For instance, when a is contained in the Jacobson radical of R and ara (a, M ) = cd (a, M ), it is shown that M is a-relative Cohen-Macaulay if and only if every a-Rs.o.p of M is an M -regular sequence if and only if there exists an a-Rs.o.p of M which is an M -regular sequence; see [DGTZ, Theorem 3.3 ].
There are several extensions of the notion of Cohen-Macaulay modules. One of them is the notion of generalized Cohen-Macaulay modules which is very well studied; see e.g. [T2] . Quasi Buchsbaum, modules via local cohomology modules. Theorem 4.2, among other things, indicates that a given finitely generated R-module is a-relative Buchsbaum if there exists a generating set of a satisfying some certain properties. Also in Corollary 4.3, we show that the classes of modules introduced in Definition 1.1 are subset of each other from top to bottom; respectively. Theorem 4.8 reveals a close connection between a-relative Buchsbaum R-modules and a-relative quasi Buchsbaum R-modules.
Koszul complexes and filter regular sequences
The Koszul complexes play an important role in this paper. In Definition and Remark 2.1, for the readers convenience, we briefly state the construction of the Koszul complexes and recall some results about these complexes. We obey the notation [BS, 5.2] , which shall be used throughout of the paper without further comments.
Definition and Remark 2.1. Let x := x 1 , . . . , x n be a sequence of elements of R, a := x and M an R-module.
(i) For k ∈ N with 1 ≤ k ≤ n, we shall set
Let i ∈ I (k, n). For every 1 ≤ j ≤ k, we denote the j-th component of i by i j , so that i = (i 1 , i 2 , . . . , i k ). If k < n, then by the n-complement of i, we mean the sequence j ∈ I (n − k, n) such that {1, 2, . . . , n} = {i 1 , . . . , i k , j 1 , . . . , j n−k }.
Let e 1 , . . . , e n be n new symbols. We define a complex K where m i1i2...ip belongs to M for all i ∈ I (p, n).
The differential map d p : K p (x, M ) −→ K p−1 (x, M ), where 0 < p ≤ n is defined by setting d p me i1 . . . e ip = p r=1 (−1) r−1 x ir me i1 . . .ê ir , . . . e ip .
This complex is called Koszul complex of M with respect to x and is denoted by K • (x, M ). Its jth homology module is denoted by H j (x, M ). It is known that a H j (x, M ) = 0 for all j.
(ii) An exact sequence
of R-homomorphisms gives rise to a long exact sequence of Koszul homology modules:
(iii) Let i ∈ N 0 . We set K i (x, M ) := K n−i (x, M ) , and we denote the induced co-complex with K • (x, M ). Then one has:
of complexes such that ψ v u n is the identity mapping of M , ψ v u 0 is the endomorphism of M given by multiplication by (x 1 . . . x n ) v−u and for every k = 1, . . . , n − 1 and i ∈ I (k, n),
where j ∈ I (n − k, n) is the n-complement of i. Then {K • x u 1 , . . . , x u n , M , ψ v u } u≤v∈N is a direct system in the category of complexes. For any i ∈ N 0 and any R-module M , there is a natural
and so there are the canonical maps λ i M :
Next, we recall the definitions of some sequences which play key roles in the study of the modules introduced in Definition 1.1.
Definition 2.2. Let a be an ideal of R and M a finitely generated R-module.
(i) Following [CST] , a sequence x 1 , . . . , x r of elements of R is called an a-filter regular sequence on
for all i = 1, . . . , r. An a-filter regular sequence x 1 , . . . , x r on M is called an unconditioned a-filter regular sequence on M , if it is an a-filter regular sequence on M in any order.
(ii) Following [T1, page 39], a sequence x 1 , . . . , x r of elements of R is called an a-weak sequence on
for all i = 1, 2, . . . , r. It is an unconditioned a-weak sequence on M if x α1 1 , . . . , x αr r is an a-weak sequence on M in any order for all positive integers α 1 , . . . , α r .
(iii) The theory of d-sequences was introduced by Huneke in [H] and Trung in [T1] . A sequence
for any 1 ≤ i ≤ j ≤ r (this is actually a slight weakening of Huneke's definition). When
1 , x n2 2 , . . . , x nr r form a d-sequence on M for all integers n 1 , n 2 , . . . , n r ∈ N, then x is called a strong d-sequence on M . A d-sequence on M is termed unconditioned, u.s.d-sequence, when it forms a strong d-sequence on M in any order.
In the following remark, we collect some properties of the sequences that are already defined above.
Remark 2.3. Let a be an ideal of R and M a finitely generated R-module.
(A) We review the relationship between the three types of sequences introduced in Definition 2.2.
(i) Clearly, every a-weak sequence on M is an a-filter regular sequence on M . By [T1, Theorem 1.1(vi)] a d-sequence x 1 , . . . , x r on M is an a-weak sequence on M if a ⊆ x 1 , . . . , x r .
(ii) By [T1, Theorem 1.1(vii)], a d-sequence x 1 , . . . , x r on M is an a-filter regular sequence on M if a ⊆ Rad x 1 , . . . , x r . Also by [T1, Proposition 2.1], if x 1 , . . . , x r ∈ a is an a-filter regular sequence on M , then there exist natural integers s 1 ≤ · · · ≤ s r such that x s1 1 , . . . , x sr r is a d-sequence on M .
(iii) By [T1, Proposition 2.2], x 1 , . . . , x r ∈ a is a d-sequence on M if one of the following conditions is satisfied:
(B) Below, we record three essential properties of filter regular sequences.
(i) Let x = x 1 , . . . , x r ∈ a be an a-filter regular sequence on M . Then by [AS, Proposition 2.3] , there are the natural isomorphisms
(ii) Let a = x 1 , . . . , x r . By [TZ, Proposition 1.2], a has generators y 1 , . . . , y r which form an unconditioned a-filter regular sequence on M . We call a such set of generators for a, an f-generating set of a with respect to M . Note that for any positive integer ℓ, we may find an f-generating set of a with respect to M such that it has more than ℓ elements. In the next result, we consider the situation in which a given filter regular sequence on M forms a weak sequence on M .
Lemma 2.4. Let a be an ideal of R and M a finitely generated R-module. Let x := x 1 , . . . , x n be a sequence of elements of a which forms an unconditioned a-filter regular sequence on M . Assume that the
Proof. Set b := x . By induction on 0 < i ≤ n, we show that for any permutation δ of the set {1, 2, ..., n} and all positive integers t 1 , . . . , t n , the sequence
and so
. Hence, the case i = 1 holds. Now, let 2 ≤ i ≤ n and the result has been proved for i − 1. Let σ be a permutation of the set {1, 2, ..., n} and u 1 , . . . , u n be positive integers. Set z i := x ui σ(i) for every 1 ≤ i ≤ n. By the induction hypothesis, z 1 , . . . , z i−1 is a b-weak sequence on M , and it remains to show that
By [T2, Lemma 3 .5], one deduces that
for all k ≥ 2. On the other hand, we have the following obvious containment
So the argument will be complete, if we show that for each
. By Definition and Remark 2.1(v), the following diagram is commutative:
So, there exists an integer l ≥ 2 such that ψ l
is the natural map induced by the map ψ l 1 given in Definition and Remark 2.1(iv). Thus, we have
For the second assertion, note that by Remark 2.3(A)(iii), every unconditioned x -weak sequence on M is an u.s.d-sequence on M . So, it is obvious by the first assertion.
The following lemma together with Theorem 2.6 are required to prove Theorem 2.7.
Lemma 2.5. Let x := x 1 , . . . , x s be a sequence of elements of R and set a := x . Let M be a finitely generated R-module and n ≤ s a natural integer. Suppose that every n elements of {x 1 , . . . , x s } forms a d-
Proof. Let i be a nonnegative integer such that 0 ≤ s − i ≤ n and set K i := K i (x, M ) and K i := K i (x, 0 : M a). Let H i and H i denote the ith homology modules of these complexes; respectively. Since
x j (0 : M a) = 0 for all j = 1, . . . , s, one has H i = K i . We have to show that the natural R-homomorphism
Assume that k ∈ I (i, s) and set B k := {ℓ ∈ {1, . . . , s}| k can be induced by deleting ℓ from an element of I (i + 1, s)}.
(Note that, by [G, Lemma 2.2] , if a 1 , . . . , a n is a d-sequence on M , then, for each 1 ≤ t ≤ n, a 1 , a 2 , . . . , a t is also a d-sequence on M .)
The next result connects the notion of weak sequences to that of local cohomology.
Theorem 2.6. Let a be an ideal of R and M a finitely generated R-module. Let ℓ be a natural integer and x 1 , . . . , x n ∈ a 2ℓ . Then the following are equivalent:
(ii) a ℓ H i a (M ) = 0 for all 0 ≤ i < n and x 1 , . . . , x n is an a-filter regular sequence on M .
Proof. (i)=⇒(ii) Suppose that x 1 , . . . , x n is an a ℓ -weak sequence on M . So, x 1 , . . . , x n is an a-filter regular sequence on M . Note that by Remark 2.3(A)(iii), x 1 , . . . , x n is d-sequence on M . Hence, by
We use induction on n. For n = 1, we are done. Let n > 1 and the result has been proved for n − 1.
As x 1 , . . . , x n−1 is an a ℓ -weak sequence on M , the induction hypothesis implies that a ℓ H i a (M ) = 0 for all 0 ≤ i < n − 1. Thus, it remains to show that a ℓ H n−1 a (M ) = 0. We have the following two exact
in which all maps are natural. Since 0 : M x 1 = Γ a (M ), we get H i a (0 : M x 1 ) = 0 for all i ≥ 1. Hence, H n−1 a (ρ) is an isomorphism. It induces the given isomorphism in the following display:
As x 2 , . . . , x n is an a ℓ -weak sequence on M/x 1 M , the induction hypothesis yields that
The exact sequence Thus, x 1 is an a ℓ -weak sequence on M .
Next, let n > 1 and the result has been proved for n − 1. As x 1 is an a-filter regular sequence on M in a 2ℓ , [CQ, Theorem 1.1] implies that
for all i < n − 1. So, our assumption implies that a ℓ H i a M/x 1 M = 0 for all i < n − 1. Thus by the induction hypothesis, x 2 , . . . , x n is an a ℓ -weak sequence on M/x 1 M . As x 1 is an a ℓ -weak sequence on M , we deduce that x 1 , . . . , x n is an a ℓ -weak sequence on M .
Theorem 2.7. Let a be an ideal of R, M a finitely generated R-module and n a natural integer. Then the following are equivalent:
(i) Any n elements of every f-generating set {x 1 , . . . , x s } of a with respect to M with s ≥ n form an unconditioned a-weak sequence on M .
(ii) There exists an f-generating set {x 1 , . . . , x s } of a with respect to M such that s ≥ n and any n elements in it form an unconditioned a-weak sequence on M .
(iii)
There exists an f-generating set {x 1 , . . . , x s } of a with respect to M with s ≥ n such that the
. , x s } satisfies the given assumptions in (ii) and set x := x 1 , . . . , x s . Let Thus, the natural map λ 0 M is an isomorphism. We use induction on n. For n = 1, we are done. Let n > 1 and the result has been proved for n − 1.
It is enough to show that λ i M is surjective for all 1 ≤ i ≤ n − 1. First, assume that grade (a, M ) ≥ 1. In particular, Γ a (M ) = 0. Since x 2 1 , . . . , x 2 n is an a-weak sequence on M in a 2 , Theorem 2.6 implies that a H i a (M ) = 0 for all 0 ≤ i ≤ n − 1. In particular, x 1 H i a (M ) = 0 for all i < n. Also, we have x 1 H i (x, M ) = 0 for all i ≥ 0. Since x 1 is an a-filter regular sequence on M ,
yields the following commutative diagram with exact rows 
is surjective for all i ≤ n − 1.
Now, assume that grade (a, M ) = 0. Since x is an unconditioned a-filter regular sequence on M , it follows that x is an unconditioned a-filter regular sequence on M/Γ a (M ). We show that every subset of {x 1 , . . . , x s } with n elements is an unconditioned a-weak sequence on M/Γ a (M ). Let {y 1 , . . . , y n } ⊆ {x 1 , . . . , x s } and let t 1 , . . . , t n be positive integers. One has to show that y t1 1 , . . . , y is surjective for all i ≤ n − 1. The exact sequence
with exact top row for all i ≥ 1. By Remark 2.3(A)(iii) every unconditioned a-weak sequence is d-sequence.
By Lemma 2.5, µ i is injective for all i ≤ n. So, π i is surjective for i ≤ n − 1. Hence, from the above commutative diagram, we get that λ i M is surjective for all 1 ≤ i ≤ n − 1. Since λ 0 M is an isomorphism, λ i M is surjective for all 0 ≤ i ≤ n − 1.
(iii)=⇒(i) Assume that {w 1 , . . . , w t } satisfies the given assumptions in (iii). Let {x 1 , . . . , x s } be an arbitrary f-generating set of a with respect to M with s ≥ n and set x := x 1 , . . . , x s . By Definition and Remark 2.1(v), for each j ≥ 0, we have the following commutative diagram in which all maps are natural
It yields that the natural map λ j M :
. , x s } and t 1 , . . . , t n be positive integers. Set y i := z ti i for all 1 ≤ i ≤ n. Let 1 ≤ i ≤ n and set X := {x 1 , . . . , x s } \ {y 1 , . . . , y i−1 }. We choose α ∈ X. As above for each j ≥ 0, we have the following commutative diagram 
Relative generalized Cohen-Macaulay modules
The class of generalized Cohen-Macaulay modules contains the class of Cohen-Macaulay modules.
Indeed generalized Cohen-Macaulay modules enjoy many interesting properties similar to the ones of Cohen-Macaulay modules. As a generalization of the notion of Cohen-Macaulay modules, in [RZ] and [DGTZ] , relative Cohen-Macaulay modules were studied. It could be of interest to establish a theory of relative generalized Cohen-Macaulay modules. To this end, first we specify some notation and facts.
Definition and Remark 3.1. Let a be an ideal of R and M a finitely generated R-module. Proof. Clearly if z 1 , z 2 , . . . , z c ∈ a is an a-Rs.o.p of M , then for all t 1 , . . . , t c ∈ N, every permutation of z t1 1 , . . . , z tc c is also an a-Rs.o.p of M . So to prove (i), it is enough to show that x 1 , . . . , x c is an a-filter regular sequence on M . In case c = 0, there is nothing to prove. Hence, we may assume that c > 0. It is enough to show that the claim holds for i = 1. Set x := x 1 . Thus, to complete the proof, we need to show that H i a M/xM is finitely generated for all 0 ≤ i ≤ c − 2. Since H 0 a M/xM is finitely generated, we can assume that 1 ≤ i ≤ c − 2. Since x is an a-filter regular sequence on M , x is non-zero divisor on M/Γ a (M ). Applying the functor H i a (−) on the exact sequence
yields the following exact sequence
. The following result provides a characterization of a-relative generalized Cohen-Macaulay modules by using a-weak sequences.
Proposition 3.5. Let a be an ideal of R which is contained in the Jacobson radical of R and M a finitely generated R-module. Suppose that cd (a, M ) = ara (a, M ). Then the following condition are equivalent:
(i) M is a-relative generalized Cohen-Macaulay.
(ii) There is an integer ℓ such that every a-Rs.o.p of M is an a ℓ -weak sequence on M .
Proof. (i)=⇒(ii) By Theorem 3.3, every a-Rs.o.p of M is an a-filter regular sequence on M . So, the assertion follows by [KS, Theorem (i) 
(ii)=⇒(i) It follows by [KS, Theorem (iv) 
Relative Buchsbaumness
We start this section by the following characterization of relative quasi Buchsbaum modules. As M is a-relative quasi Buchsbaum, Theorem 4.1 implies that a H r a (M ) = 0, and so one deduces the natural R-isomorphism Ext r R R/a, M ∼ = H r a (M ). Thus, M is a-relative surjective Buchsbaum.
The following lemma is needed in the proof of Theorem 4.8. Thus 0 : N x k+1 = 0 : N a, and so x 1 , . . . , x n is an a-weak sequence on M .
Since 0 : N x 2 k+1 = 0 : N x 1 , . . . , x n , by [T1, Theorem 1.1(v)], one deduces that x 1 , . . . , x n is a d-sequence on M .
The notion of relative system of parameters plays an important role in the proof of the next result which establishes a characterization of relative Buchsbaum modules in terms of relative quasi Buchsbaum modules.
Theorem 4.8. Let a be an ideal of R which is contained in the Jacobson radical of R and let M be a finitely generated R-module with c := cd (a, M ) = ara (a, M ). Then the following are equivalent: E-mail address: hoszakeri@gmail.com
